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ABSTRACT

Software reliability is a critical factor for system performance and safety, especially in defense
industries, where operational failures can have severe consequences, To evaluate and improve
software reliability, Software Reliability Growth Models (SRGMs) are widely used, However, many
previous studies have relied on single optimization methods or deep learning approaches,
which are prone to local optima and extrapolation issues, reducing prediction accuracy. To fill
this gap, current study employs a broader range of optimization algorithms based on the Least
Squares Method (LSM) and Maximum Likelihood Estimation (MLE) to approximate global optima,
NASA's Jet Propulsion Laboratory (JPL) software defect datasets were used, and several widely
recognized SRGM models, including Goel-Okumoto, Delayed S—Shape, Inflection S—Shape,
Weibull, and Log—Logistic, were evaluated, Experimental results show that the choice of
optimization method significantly affects prediction performance, as measured by Mean Squared
Error (MSE). For example, in the J2 dataset, the Weibull model exhibited MSE values ranging
from 70.778 to 15,767.68—a 222—fold difference—demonstrating the critical role of optimization
in prediction accuracy. The findings confirm the risks of relying solely on single—method
approaches and highlight the value of diverse optimization strategies for achieving near—global
optima, The study presents a practical framework for improving software reliability assessments,
contributing to the development of highly reliable software for the defense industry.
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Sharma, 2021). o] AZE Qo] AlZA BHZ0| 29 A8 u7kale] Mal oy g} WAk 7|44
& AHolA B AxEAL Stk 2T A FIAA 529 45800l oA AlE
(FZIAANS FFA o] SHEIL Qlo] 2ZEY]S] 4 H|Fo] F7tstal St

WoIALe] Hobe] R Ao] HEE £LESol B T AT AA(UTE, WANE, 4

o7hs ) Abel sk SlgAS 4 :
(Oh et al,, 2024). Alth7k 24l F71A A= 72 AAAA, WIEYZ, BldolH, Al
ZsFaL Qo] A A AR o] 8 5FH(Kim, Kim, & Jeong, 2024), 4T E 9] o] 7]
o8 Hefek - 715 WA @17} Z7F8FH A (Cho, Min, Lim, & Choi, 2023) )& A= Zu] A2}
AAA &Y s FATHE AS2Q F470A E5o] B4 o|theg, Hur, 2024)- 53], sid
AAG A= A717He] 8 B gt A=) AlE(test), 4 (analysis) X = (fix) 2Hg <A 4l
2= /3% (reliability growth) 71'dS EX=Z 4124 & JAH o= Adshs A&7t ast
THSung, Yoon, & Lim, 2021).

ol A&y oA AZEQ o] AlEA A& B El(Software Reiability Growth Model, SRGM)
= AEA F7E B NS SRt Akl A o= AREE AL Qlrk(Bahnam, Dawwod, &
Younis, 2024; Samal & Kumar, 2024; Yamada & Osaki, 1985). SRGM2 A E Qo] HAE 1A o] A
AR Agtolu FE 54 Ao BA ANE B2 FF A3 I /M5AS d st Ag
K 552 AuHon BSHe S8 oAA% ARE AFsHe wdolth Te4 AA chet
& SRGM 2177} AlekEgon], 2 el Aae e F2 shte] 248k 71 & Jin, 2016
Dhavakumar & Gopalan, 2021)°]1 H 2 J(DNN, RNN, LSTM) X 2l(Kim, Pham, & Chang, 2023; Kim,
Ryu & Baik, 2024)2 A}-8-351o] SRGM 7JAE A Estar gict Z1efu}t o] H-e EAA o] 3HA A
o] ZAetth A& 5o 54T skt At 7|Ivvke A5t =5 2 48f(Local Optimum)o]|
7va] ojglo g AlE|A Wrte] ABtE 7hAZ zajst < ol 1]y ey mue shest 240
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A71%E Aok AE HAs] i & A HAE A3} o] 2aAp5R(Least Squares
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2 A gkl Mol A3 (Global Optimum)o] 71T ghe 3= ol ok oA AdE £4 A2
A3k Bl T HANoIA Mol AA G TS Fo) Al] 2 HE BEoh

g 71eg &= e Aol

. A EO] AFEA AR mE(SRGM) 9 A3} 7)H

2.1 SRGM(Software Reliability Growth Model)

SRGM-& H]%E2l 3zol% T4 (Non-Homogeneous Poisson Process, NHPP)2- 7|HFO &2 AL E 9)0] 9]
A% U W 44 B ekHoR ndwsiel LxEgo] A2 e ARH R Bl o3
7 og3hu] SRGMS o] 2 53

nEgo] BlAE F A% W NHS BASD BT A=Y FA 24D )
3 SRGM mele A2 th2 2% w4 el Ad S FAlee B2k dh, SA ADE Wy
oz 7t ALEge] AT % HAE $e] A3t wd Aelo] Fasit

H ARL oy 2ZEY o] A glo|g o tj-&3sle] & thAl 7FA SRGM(Goel-Okumoto, Delayed
S-Shape, Inflection S-Shape, Weibull, Log-Logistic)2 A&igttt. 7 2d.e W7k 3H~(Mean Value
Function, MVF)Z A&, o= Fol B AE ¢ 74 4ot 5 Atshe= Folth. MVF=
SZE 0] HIAE AIZF 59 A7 34 de ARk bl AREH, mt)= g oJHrh o714
te AZEo] =3 Eﬂ’\E AR YR AL, m(t)= ¢t ARPHA] B E & 2ok 8 onjRith &
ek, ffoll 270% SRG < 3 FEE 7L 9o, T 3% wetu]E = ol
dad F 23 < aﬁ} 3 S-S UER = b7t 9tk 32718 0 & Inflection S-Shape, Weibull,
Log Logistic #21 @4 sheule] ¢ mgah. olgd Sepn]gESe mdo] ATEYo] HlAE

=

=2
F A% WA N2 o uA Msta o SsHeA AR WY faolch

2.1.1 Goel-Okumoto
Goel-Okumoto @2 254 Hd(Goel & Okumoto, 1979) g A}gE= SRGM & shutolth

(IEEE Reliability Society, 2017). o] HE-& HAE Z7]of @ Agto] WAE T} AJ7Fo] AL A

' Ao w7t 2olsel oF fe 27 HA =HA d 5, L7t ddE

e ARto] Aol wet fasi, of= £ZES e Fo] HAdd wEt HEE o e &R
Z
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2.1.2 Delayed S—Shape
Delayed S-Shape = Z(IEEE Reliability Society, 2017, Yamada, Onba, & Osaki, 1983)-2 @& A=
X £EEg 0] HAE 270 95 wo] AAHTh} Fukio] M) Z7lshn FuiE 24
ohAl ZHashe SA Fele] AEe Auath HAR 270 0 RS WHss o Az 2254
B EAE ARAN 0F W 27 345 S5 olF g 957t ZolEUA 4E St

ThA] Gashes F-xolth Delayed S-Shape 29 9] MVF& th-3-3} ot
mt)=a(1—(14+bt)e ™) 2)

2.1,3 Inflection S—Shape
Inflection S-Shape X @(Ohba, 1984) %4t thA|o|A @7 HbA &7} g thr}p 2utkof] FA 3]
Z7}oha1 o5 thal Zashe Sa Feje] 1 27 o
=] A5 Delayed S-Shape HLHW} Te] Jrjaor o Wi 23t o F HE fde Hel
t}. Inflection S-Shape R E 2] MVF+&= t}3-3} 2.

Tt
m(t) = a( ! i ) (3)

2.1.4 Weibull

Weibull % 2(IEEE Reliability Society, 2017; Kenney, 1993)-2 &4} oleju]e] & A}gato] @5 2HAY
£ oS A9staz 1A Aol HIA Aol AL TRt 25 W L' A Bt
of f+&3ttH(e.g., Verma, Anand, Kapur, & Aggarwal, 2022). 34 vefv|= &7 T4 fdS 24
stf, I gro] 1Hth 2k A9 ofF WAES Agto] Age] wet sk, 1Y 49 A s
12t 2 Ao of WEY F7F Aol yehdth Weibull ©H o] MVF&= th2 2t

m(t)=a(l—e ™) “)

2.1.5 Log—Logistic
Log-Logistic I2E(IEEE Reliability Society, 2017; Gokhale & Trivedi, 1998)-2 A]7to] Z|dof uwha}
AL &fF HFE H&o] S7Ise7E 94 AR o] Fofl st SAF #jd mdojth o] Kl
Delayed S-Shape @Rt} 27| @& 7Eo] w21, Inflection S-Shape AT} H|W3lo] & A=
o] 7kt At o kgt 'S uhEt: Log-Logistic H2 o) MVF= =3 2t
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m(t)—a( (bt)" ) (5)

2.2 A3} 7Y

2.2,1 LSM
LSM-2- F=0]X tlo]Eof thgt mdlo] upetnle] 4o AME-E= SA A 7IHolch o] Bpe
S5 dlofe e dlo] oS35 gk 719 AfolE Fadtehe WS
A & Fsste). 22} A58 (Sum of Squared Error, SSE)2 %]
SHon SSEL U193 e By ghw Feju.

SSE= 2:] (y,— flz;0))? (6)

o]714 yi= B2 7 fixg0) s 299 ol &3k 0= Ao & ulebn|e] WES Uehdc) 4R
H2 o] SSEE Fgishe utehv]E 05 25024 Bdo] I HolHE & Ay 4 =5 gk

2.2.2 MLE
MLE&= F=01%l Hlole|7} ¢ ShEo i}t wtepu|g g 2= A% 71elt) o] ¥
e t]r—. tloje e} el 7he] At S Stistste] dlole7t ol fS wf 7P 7He Aol & 1t
gtoe e AT 4 Sl Jde=e] 713 AEe v Aok 5 gol {xi, x, -,
X 7F 574 FE B (05 2L, 7|4 0= FAoF & ety wWE kil 7S o, MLE
A HSE o877t Yehd &, & $-E(Likelihood) S 2 ti2lsh= ofetv|d 05
ZH= Aoltt. & 3H4x(Likelihood Function)= Th23} Zro] A oj=

20) =LA 6) ™)

B EQIE} Fojxl wetue 004 WIS BEo| oz EAC
a5t 98 215 FHsf 2 1-9¢ = dh(Log-Likelihood Function) &2
HEtstal, ol Xdigtet gretulEE 2=t oY e o 2k

0) = logf(a:9) ®)
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SRGM 2|33} 7|}

& Al /A A 3, LM MLES] 235t of
o HA3 gaelEE Agste] 25 A ok A HAe] 2@sHE HAT WES 29
Shch S, WP Boke fARE AZEG o] A4 AR NASA ZRAEY AmEge] A% Y
o[BS AHgITh AA, Aol 7HE 943 SRGM, H A5} W, H A5} Lue el 2GS A

371 S1sh 819 A AGEE HEA RS BEHL

3.1 A3} gz

o\

B A1LE SciPy 2fo]H 2] T|(Virtanen et al., 202025 A}8-5}o] SRGM 2 A 31= 2 Y3t} LSM
Z| A 5}= SciPy2] Optimize L5 A A| &5k ‘least squares’ T<5 AMESIH, MLE %23} vh4l2
231t} ‘minimize’ g5= 23 9] 47ke 2= sho]|B 2 o] 2 MLE
HHgte] 44 B 29 Fpo] v 55 H) st BAIE Has BAR Wkt
S A5t} ‘least squares’ $H=&} ‘minimize’ e 242 Ui*lﬂi‘/k)ﬂ/ﬂ AFEE= oy A3 o
Y22 A|53}H, ‘least squares’ = & 37 A3 & 2 ‘minimize’ 3= 2 15709 3

3} de]&S EFSH(Table 1).

‘minimize’ $+4E 0]

\11

(Table 1) Type of solver in ‘least_squares’ and ‘minimize’ function

Algorithms Bounds option Algorithms Bounds option
trf 0) TNC )
dogbox O COBYLA (0]
Im X COBYQA @)
Nelder—Mead O SLSQP (0]
Powell @) trust—constr O
CG X dogleg X
BFGS X trust—ncg X
Newton—CG X trust—krylov X
L-BFGS-B 0 trust—exact X

< 187 =, AAl 8= sk vty FAG
A& Adshs daelES etk SRGME| 7 wetn|E = Sgo] whet Table 29F o] 713k

1) Lyu, M. R. (Ed.). (1996). Handbook of sofiware reliability engineering. McGraw-Hill.
2) SciPyiz o]l 7]be] TH5} 8l ok AUE SIah 0 A slo|Hejelm ofe} 44 M) AuelRS Eeki,
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(Table 2) Range of parameters in SRGMs

Parameters Range
a = Total number of failures found

b)O0

c cy 0

whakA] Table 13} o] LSM =3} wAl& 27)9] A5} el S, MLE &3} WAlo]As
COBYLA 9tire|Zo] 225} 4o 4 8kalA) 2357 oot o2 A|elali % 7)o M3} o
TEES AL o2 Eo EUT AxEgo] A3t dlolEolA SRGM T % 971x)9] Ane

M 5 Qov, ol vigen Hel AL e ARG =EY 5 Ak

& Aol A8 Hole = WAL Eoket AR 2ZEf o] A HlolEE AMESH] s M. R
Lyu?] “Handbook of Software Reliability Englneermg”oﬂ A9l NASA 9] JPL(Jet Propulsion Laboratory)
o4 A Z2AE dole g Beeh & 37 doleso] ALEH, 7t dojese] B
J1, 12, J30]t},

< J1& FAo] gl oF 14,00059 FEE FAlEe] 9o, KLOC(Kilo Lines of Code)q 2F 9.57¢] Adto]
A=,

ok FAj0] g oF 7,000%9] TE2 4slo] o, KLOCK o 10.2749] Adtel WAsIsick

< J3= J29] HIAE ZEukelo] B 9A4E AYFEATE Ao KLOCY oF 10.17]9] Aslo] HAE I}

h= =2

Figure 1-2 J1, 12, J3 djo]gof djsf 2}&etA g AE(Kanoun & Laprie, 1994)E 2 -8-3F 183z o]
o} uk)= 2HEERS QAR 4] (9)eF 2ol ALET, uk)7t Frd W AZEL o Ajtol F

£ A YR, 94 g adks R4S debdck
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J1 Dataset J2 Dataset J3 Dataset
8]
3 1 = 3
S gl Il 5 49 5
S S S
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(Figure 1) Laplace trend plots of J1, J2 and J3

eteit 9 sl
ASH2A FAo1 a0l o
o2 smeqol 415 ok ofdl $79l SRAME A4t

>3 L wey
u(k) == - ©)
W

3.2 243t uelze] A% 4% A
SRGM A3} Ate] J5-F Hlasty] flaf 2 Aol e 24 404 g2 AHEE= oy
e NEE &85tk AHEE X E= Fo Al 2*KMean Squared Error, MSE), B4 A5 &
ZHRoot Mean Squared Error, RMSE), H+ At 22K Mean Absolute Error, MAE), H At W52 &
@ XH(Mean Absolute Percentage Error, MAPE), 274 #|4x(R? Score)o]t}. 1ejL} 9] A F = HE o=
A3k AL k9] Aol g Ao AN, 2k dlE A3 ke A% Aolsh SARSHA Lehis
A% Mol E5 AmEO] 25 dolg o] SA44 OI*WOH dfe W vt Wasia) of
Chz A& efsiel SRAM Mgt Az 43 v MSE 4% A7} AIES BET o] Ak
A2t AR el Aol2 AT F T 4 B —8}04 Akt 44 omA Azl
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A rlr

n

MSE= = (4, 5,)° (10)

Ti=1
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T Tl

mdo] Agels Adaly] §Igk Ak R scorefhS gtk dig A AFE AAIG] A
b eleS UEte ghol 1o 7hess Be Holgrt Bds
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ghuish Ak Ao= mae] Ayelo] Frhu AT 4 itk vk, grol 09 77heE A
Welo] Wi 44 ool mue] Aol T BRurhE Wojdrks Aol

(11

QbH MW SRGM} M3} 4] o HH5} 1B 2Ytol F 45708 FE55rhFigure
2). 2, 5%9] SRGM, LSM 5}
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SRGMs Optimization Approaches = Optimization Algorithms

5 x @+7) = 45

Nelder-Mead

Powell

L-BFGS-B -

NG ]

COBYQA

Least Squares Method

Comparing the
results of 45 SRGM
optimizations.

Maximum Likelihood Estimation &

trust-constr

(Figure 2) Optimization process of SRGMs (Software Reliability Growth Models)

4.1 J1 A3} 23 £4 9 vjn

J1of 3t 4572 MSE Aol AwFe &3 ZiN(Table 3), MSEZ} 71 W2 X435} A=
20.838% Weibull 29 LSM X A3} vFA] o] rf 2|23} ¢aa]Zolc), ¥bd, MSEZ}F 714 =8 2435}
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A= 156.796(2F 7.58)] 2}Fo])E Weibull 22 LSM 2| A3} 121 9] dogbox | Z|3} 2haiz]jZolr). o]
= Weibull 22 LSM 23} Wh2410] of 2|28} dare|go] Ao A sfjof LgshAt, LTt
SRGM} 2| 2|3} Hh-Alof thsf dogbox 2|43} drare]&2 -5 Aol 23l A& Hlrh Weibull
24 Qo= Goel-Okumoto X2 MLE XA 3} HFAlo] A Nelder-Mead ¢rilz]Z0] MSE 41282
MSE7} 2]4:20.892)21 AThol] Hl3) oF 26 Zho] 2 =8 2 M so] v o2 ol R score
e AT} 0.97.099 WIR 5 4] ol ﬂow | A7 dolelol dhaf & sze] A
o4& 201k e b 4 Astohl sHESE S Wil 29 MLE 343 42
dogbox. 243 FAZE 092 ARALE B AL ke

(Table 3) Result summary table with 45 optimization for J1

Optimization | Optimization R? Optimization | Optimization R?
SRGMs MSE SRGMs MSE
approaches | algorithms score approaches | algorithms score
L trf 20,892 | 0,987 TNC 26,247 | 0,984
dogbox | 20.892 | 0.987 | Inflection LE COBYQA | 26,247 | 0,984
Nelder—Mead | 41,28 | 0,975 | S—Shape SLSQP 26,247 | 0,984
Powell 27.0711 0,983 trust—constr | 26,247 | 0,984
Goel~ L-BFGS-B | 27.071 0,983 trf 20.838 | 0.987
Okumoto LSM
MLE TNC 27.071| 0,983 dogbox | 156,796 | 0.906
COBYQA |27.071|0.983 Nelder—Mead | 28.786 | 0,982
SLSQP  [27.071] 0,983 Powell 27.695 | 0,983
trust—constr | 27.072 | 0.983 | Weibull L-BFGS-B | 28.094 | 0.983
L trf 47.757| 0.971 MLE TNC 28.094 | 0,983
dogbox | 47.757| 0.971 COBYQA | 28.093 | 0.983
Nelder—Mead | 51,406 | 0,969 SLSQP 28.093 | 0,983
Powell 51,3171 0.969 trust—constr | 28,093 | 0,983
Delayed
eaye L-BFGS—B | 51,341 | 0,969 trf 20.84 | 0.987
S—Shape LSM
MLE TNC 51.341| 0,969 dogbox 22.603 | 0,986
COBYQA |51.341| 0,969 Nelder—Mead | 28.209 | 0,983
SLSQP  |51.344| 0,969 Powell 27.149 | 0.983
L —
trust—constr | 51.341| 0.969 | _ & L-BFGS-B | 28.209 | 0,983
Logistic
L trf 20.872 | 0,987 MLE TNC 28.21 | 0.983
dogbox | 20,872 0.987 COBYQA 28.21 | 0,983
Inflecti
oo Nelder—Mead | 26,247 | 0,984 SLSQP | 28.209 | 0,983
S—Shape
MLE Powell 26.258 | 0,984 trust—constr | 28.209 | 0.983
L-BFGS-B |26.247 | 0.984
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SRGMYE Ao HA3fof ZASE Z3E v s EH, Goel-Okumoto, Inflection S-Shape, Weibull,
Log-Logistic &8 7}7F MSE7} 20.892, 20.872, 20.838, 20.8400.8 GA}al 2228 wolc), wlhu,
Delayed S-Shape 2&-& MSE7} 47.757& oAl U] o H|3] oF F v o|A} =&

Mo} A 2A Ao Azt SKFigure 3PS W, MSEZF A U] 714 SRGM BHl e 4
ool ATe] 27k FHE 1 dolelst SA HHS mEl How eyt v, Aoz
MSE7} 32 Delayed S-Shape Z -2 24| o] ¥ o} H]wlslo] XU A SAF 49| 7

SRGMs for |1

1404 « 1
---+ Goel-Okumoto
120 4 ---- Delayed S-Shape
--=+ Inflection 5-Shape
3 ol Weibull
£ —-= Log-Logistic ’,—Z'
— ’.' ~a
80+ "'/
5 e
L /.
@ 604 "
-Q 'y l.l.
E .l...f‘ *
S 40 G
Z L
Lk
20 - P ol
o.¢"
. -:-'
04 #-°

0 lID 20 3|0 40 50 60
Time(weeks)

(Figure 3) Graph of SRGMs with minimum MSE for J1

1.2 J2 223 A7 24 9 Wz

Table 4= J29] 79-of 457]] MSE ZA2}2} R* score Ai}to|th. MSE7} 714 W ZHe- 60.5760. 2
Inflection S-Shape 2@ LSM A3} WFAl9] uf &3} darg|&olt) ol A Ao 7[7-&
a7t =EE o] dlolHo A Aget SROMYUE ou|giey HHH, ths 232 Ados &2
MSE 7}& Rt} Goel-Okumoto 229 MLE H41 3} Nelder-Mead ¢112]S(MSE 1278.685), Delayed
S-Shape =&@1¢] MLE H}4] 7} SLSQP <F112]Z(MSE 4820.465), Inflection S-Shape Z&19] LSM H}A]
7} dogbox T2 Z(MSE 850.026), Weibull =20] MLE HHA17} Nelder-Mead(MSE 1243.349)
PowellMSE 15767.680) &112]Z, Log-Logistic 22 2] MLE H41 3} Nelder-Mead(MSE 1243.349) &
Powell(MSE 11005.344) <+112]Z o]t}

(

3) AlZsle] WAt 2t SRGMS] 34 Thehle] S <18 1>, <EE 2 < 3, < 4>, <H2 552 7},
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o] A= zF o] 4 MSE gt 613.917, 311.451, 60.576, 70.778, 121.754%} v|w & u), 24
oF 2ufjo Al Ztf oF 222u742] o)7L vrERdTh 53] Delayed S-Shape %@ MLE |23} wh4] <]
SLSQP 2|43} %72 &E-L R score 7o) 0352 o2 mulo] olo]el2 & dwshx) Fata glom,
Weibull %213} Log-Logistic 9] MLE 2|3} 44|04 Powell %25} ohi12|5-&

04822 wloJglo] tisf mE o Zo] FA] kg HolE

(Table 4) Result summary table with 45 optimization for J2

Optimization | Optimization R Optimization | Optimization R’
SRGMs MSE SRGMs MSE
approaches | algorithms score approaches | algorithms score
LSM trf 613,917 | 0,917 TNC 63.535 | 0,991
doghox | 613,917 | 0,917 | Inflection \LE COBYQA | 62.61 | 0,991
Nelder—Mead | 1278,685 | 0,827 | S—Shape SLSQP 62.612 | 0,991
Powell 822,292 | 0,889 trust—constr | 62,611 | 0,991
Goel~ L-BFGS-B | 822,292 | 0.889 trf 70.778 | 0.99
Okumoto LSM
MLE TNC 822,292 | 0,889 dogbox 275,782 | 0,962
COBYQA 822,292 | 0,889 Nelder—Mead | 1243349 | 0,832
SLSQP 822,292 | 0,889 Powell 1576768 | —1,123
trust—constr | 822,295 | 0,889 | Weibull L-BFGS—-B |102,362 | 0,986
LSM trf 311,451 | 0,958 MLE TNC 447.716 1 0,939
dogbox 311,451 | 0,958 COBYQA 283.203 | 0,961
Nelder—Mead | 417,674 | 0,943 SLSQP 102,028 | 0,986
Powell 417,617 1 0,943 trust—constr | 101,353 | 0,986
Delayed
L-BFGS—-B | 417,617 | 0,943 trf 121,754 | 0,983
S—Shape LSM
MLE TNC 417,617 | 0,943 doghox 121,754 | 0,983
COBYQA 417,617 1 0,943 Nelder—Mead | 1243349 | 0,832
SLSQP 4820465 | 0,35 Powell 11005344 | —0.482
L —
trust—constr | 417,618 | 0,943 | %~ L-BFGS-B |199.929 | 0,973
Logistic
LSM trf 60,576 | 0,991 MLE TNC 199,929 | 0.973
dogbox 850,026 | 0,885 COBYQA 199,929 | 0,973
Inflecti
comon Nelder-Mead | 62,61 | 0,991 SLSQP | 199,938 | 0.973
S—Shape
MLE Powell 62,612 | 0,991 trust—constr | 199,929 | 0,973
L-BFGS-B | 62.611 | 0,991

SRGMHE 2 A X Agljof| LA}st AFE v|ws) B, Inflection S-Shape$} Weibull 22 ©] MSE
2 60.576, 70.7782 -AFSlTt HEH, Goel-Okumoto, Delayed S-Shape, Log-Logistic W3- Z+zf
MSE 613.917, 311451, 121.754% A7 oFo] melo] u|a) ok 2ujo] A A= ok 108747 9] o]
£ HQlth o]g%t MSE 235 Ed|Z Figure 45 X, Inflection S-Shape®?} Weibull X &2 Sz} &
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go] Agko g 2 glo|gl& & YE AT Goel-Okumoto, Delayed S-Shape, Log-Logistic &2 A
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(Figure 4) Graph of SRGMs with minimum MSE for J2
4.3 33 HH3h A% B4 % vz

Table 5= J3o] tha 457H¢] MSE ZAute} R® scoreE %3t Zro|th. MSE7} 714 we 7he
122.261 2 Inflection S-Shape =2 LSM 2| A3} #2190 trf, dogbox A3}l ¢dug|Solc)h YA 4
1= H| 1 5HH, Goel-Okumoto, Delayed S-Shape, Inflection S-Shape, Weibull, Log-Logistic =& <=4t
2 MSEZ} 242} 321.202~477.027, 190.616~227.633, 122.261~132.347, 155.694~ 183.44, 203.982~
278.5490|t}. o]= Ztff &po|7} oF 14wl o]tz R= A5} WY dare|E 2ol A 245
of AL Lot EE R score?] BE AT 0965 o0& AAIH 23} WAlwt 2 A5} o
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(Table 5) Result summary table with 45 optimization for J3

Optimization | Optimization R Optimization | Optimization R?
SRGMs MSE SRGMs MSE
approaches | algorithms score approaches | algorithms score
LSM trf 321,202 | 0,976 TNC 132,347 | 0,99
dogbox {321,202 | 0.976 | Inflection \LE COBYQA | 132.347 | 0,99
Nelder—Mead | 477.027 | 0,965 | S—Shape SLSQP 132,347 | 0.99
Powell 476.883 | 0.965 trust—constr | 132.347 | 0,99
17
Goe 1-BFGS-B | 476,883 | 0,965 trf 155,694 | 0,988
Okumoto LSM
MLE TNC 476,883 | 0,965 dogbox 155,694 | 0,988
COBYQA 476,883 | 0,965 Nelder—Mead | 183,44 | 0,986
SLSQP 476,884 | 0,965 Powell 182,795 | 0,986
trust—constr | 476,884 | 0,965 | Weibull L-BFGS—B | 183.434 | 0,986
LSM trf 190,616 | 0,986 MLE TNC 183,433 | 0.986
doghbox 190.616 | 0,986 COBYQA 183,435 | 0,986
Nelder—Mead | 227,633 | 0,983 SLSQP 183,425 | 0,986
Powell 227,435 | 0,983 trust—constr | 183,434 | 0,986
Delayed
L-BFGS—-B | 227,435 | 0,983 trf 203,982 | 0,985
S—Shape LSM
MLE TNC 227,435 1 0,983 doghbox 203,982 | 0,985
COBYQA |227.435]| 0,983 Nelder—Mead | 277,056 | 0,979
SLSQP 227.435| 0,983 Powell 278,549 1 0,979
L —
trust—constr | 227,435 [ 0.983 | 2%~ L-BFGS—B | 277,064 | 0,979
Logistic
LSM trf 122,261 | 0,991 MLE TNC 277.063 | 0,979
dogbox 122,261 | 0,991 COBYQA 277,064 | 0,979
Inflecti
coon Nelder—Mead | 132,346 | 0,99 SLSQP | 277.065 | 0,979
S—Shape
MLE Powell 132,347 | 0.99 trust—constr | 277,064 | 0,979
L-BFGS—-B [132.347| 0.99

J3 dlojgof tjgt SRGM¥E MSE 472 AR, Goel-Okumoto, Delayed S-Shape, Inflection
S-Shape, Weibull, Log-Logistic =& <© & ZF7} 321.202, 190.616, 122.261, 155.694, 203.982 F}o] Lt
Ehiteh. 240 2 MSEL §ARE 28 Ho| g, Goel-Okumoto H&e 2|4:2} ] oF 26 %

FA = FHA o] DXt Figure S5 H9, 29 2d2 SA FEjE = 13 HloH

KX
=40] 2 uheE 901} Goel-Okumoto 29L& ko] F23]

o|N

Vet A% e AEs #45
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F-Z(Appendix)

HE 1) Goel-Okumoto parameters for the J1, J2 and J3 datasets

Optimization Optimization J1 J2 J3
approaches algorithms a b a b a b

LSM trf 1781,28 1,31e-3 1089, 84 1.5e—3 514,32 | 3.24e-2
dogbox 1781,28 1,31e-3 1089.85 1.5e—3 514,32 | 3.24e-2
Nelder—Mead 143959403.79 | 1,49e—8 | 83051965,79 | 1,49e—8 | 413,23 | 4.62e—2
Powell 414,06 6.25e—3 344 .4 5.81e—3 413,3 | 4.61le—2
L-BFGS—-B 414,06 6.25e—3 344 .4 5.81e—3 413,3 | 4.61le—2
MLE TNC 414,06 6.25e—3 344 .4 5.81e—3 413,3 | 4.61e—2
COBYQA 414,06 6.25e—3 344 .4 5.81e—3 413.3 | 4.61e—2
SLSQP 414,07 6.25e—3 344 .4 5.81e—3 413.3 | 4.61e—2
trust—constr 414,03 6.25e—3 34439 5.81e-3 413.3 4 6le—2

(EE 2) Delayed S—Shape parameters for the J1, J2 and J3 datasets

Optimization Optimization J1 J2 J3
approaches algorithms a b a b a b

LM trf 162,93 | 4.93e—2 291.9 1.84e—-2 | 377,37 | 1,18e-1
dogbox 162,93 | 4.93e-2 291.9 1,84e—2 | 377,37 | 1,18e-1
Nelder—Mead 160,55 | 5.16e—2 24479 2.26e—2 362.6 1,29e-1
Powell 160,61 | 5,15e—2 244 81 2.26e—2 | 362,62 | 1,29e—1
L—-BFGS—-B 160.6 5.15e—-2 244 81 2.26e—2 | 362,62 | 1,29e—1
MLE TNC 160.6 5.15e—-2 244 81 2.26e—2 | 362,62 | 1,29e—1
COBYQA 160.6 5.15e-2 244 81 2.26e—2 | 362,62 | 1,29e-1
SLSQP 160,59 | 5.15e—2 | 61585807303256,37 | 1,49e—8 | 362,62 | 1,29e-1
trust—constr 160.6 5.15e—2 244 81 2.26e—2 | 362,62 | 1,29e-1

(EZ 3) Inflection S—Shape parameters for the J1, J2 and J3 datasets

Optimization | Optimization J1 J2 J3
approaches algorithms b c a b c b c
LM trf 435,26 | 1.09e—2 | 1,06 | 226,93 | 5.4e—2 | 59,62 | 367,52 | 1,28e—1 | 4,16
dogbox 435,23 11.09e-2 | 1,06 224 1,96e—2 | 1,45 | 367,52 | 1,.28e—1 | 4,16
Nelder—Mead | 165,63 | 4,61e—2 | 3,01 | 224,79 | 5,34e—2 | 54,98 | 357,53 | 1.4e—1 | 4,81
MLE Powell 165,62 | 4,6e—2 | 3,01 | 224,79 | 5.34e—2 | 54,98 | 357,53 | 1.4e—1 | 4,81
L-BFGS-B | 165,62 | 4.61e—2 | 3.01 | 224.79 | 5.34e—2 | 54.98 | 357.53 | 1.4e—1 | 4.81
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Optimization | Optimization J1 J2 J3
approaches algorithms a b c a b c a b c
TNC 165,63 | 4,6e—2 | 3.01 | 224,84 | 5,27e—2 | 51,62 | 357,53 | 1.4e-1 | 4,81
COBYQA 165,63 | 4,61e—2 | 3,01 | 224,79 | 5, 34e—2 | 54,98 | 357,53 | 1.4e-1 | 4,81
SLSQP 165,63 | 4,61e—2 | 3,01 | 224,79 | 5, 34e—2 | 54,97 | 357,53 | 1.4e-1 | 4,81
trust—constr | 165,63 | 4,61e—2 | 3,01 | 224,79 | 5,34e—2| 54,98 | 357,53 | 1,4e—1 | 4,81
HE 4) Weibull S—Shape parameters for the J1, J2 and J3 datasets
Optimization | Optimization J1 J2 J3
approaches | algorithms a b c a b c a b c
LSM trf 7479.08 3.3e—4 | 9.8e—-1 224 194e—6| 2,95 | 373.1|1,36e—2|1.48
dogbox 446440,38 | 2,21e—5|6,05e—1 224 241e—4| 1,87 | 373.1]1.36e—2148
Nelder—Mead | 224360953,98 | 1,49e—8 | 8,92e—1 | 90682894,77 | 1,49¢—8 | 9,83e—1 | 357.87 | 1,38e—2 | 1,52
Powell 595,72 4,84e—-319.58e—1| 224,01 8.34 |3,06e—2|357,93|1,38e—2|1.52
L—-BFGS-B 794.3 3.83e—39.37Te—1| 224,27 1.7e=5| 2,47 |357,87|1.38e—2|152
MLE TNC 794,27 3.83e—319.37e-1| 24469 |10le-3| 1,5 |357.87|1.38e—2|1.52
COBYQA 794,26 3.83e—3|9.37e-1 227.3 2Me—4| 1,85 |357.87|1.38e—2|152
SLSQP 794,04 3.83e—3|9.37e—1| 224,28 |169%5| 2,47 |357.87|1,38e—2|1.52
trust—constr 794,19 3.83e—3|9.37e—1| 224,27 |165e—5| 2,48 |357.87|1,38e—2|1,52
(EZ 5) Log—-Logistic S—Shape parameters for the J1, J2 and J3 datasets
Optimization | Optimization J1 92 J3
approaches | algorithms a b c a b c a b c
LM trf 12600,60 |1,65e—4 |9, 8le—-1 240,92 1.3e—2| 3.76 |460.31|5,68¢e—2 1,63
dogbox 248647,36 | 4,.96e—6 | 9,28e—1 240,92 1.3e—2| 3,76 |460.31|5,68¢e—2 1,63
Nelder—Mead | 1944.,94 |9.64e—4|9.27e—1 | 66863887.27 | 1,49e—8 | 9.83e—1| 422,07 | 6,43e—2 | 1.64
Powell 1146,1 |1,98e—39.67e—-1 261,41 5.46e—1|3,90e—1|422.45|6,43e—2 | 1,64
L-BFGS—-B | 1947.65 |9.62e—4|9.27e—1| 242,592 |13le-2| 2,89 |422.08|6.43e—2|1.64
MLE TNC 1947.31 ]9.63e—4|9,27e—1 242,59 1.3le—2| 2,89 |422,08]|6,43e—2|1.64
COBYQA | 1947.32 |9.62e—4|9.27e-1| 24259 [13le-2| 2.89 |[422.08|6.43e—-2|1.64
SLSQP 1954,44 |9.58e—4 |9 27e—1 242,59 1.3le—2| 2,89 [422,08]|6,43e—2|1.64
trust—constr | 1947,63 |9.62e—4|9.27e-1 242,59 1.3le-2| 2,89 |422.08|6.43e—2|1.64
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